The turbulent flow within and above a sparse canopy is investigated using direct numerical simulations. The balance of Reynolds to viscous stresses within the canopy is observed to be similar to that over a smooth wall. From this, a scaling based on their local sum is proposed. Using the conventional scaling based on the total stress, the velocity fluctuations are typically reported to be reduced within the canopy compared to smooth walls. When the proposed height-dependent scaling is used, however, the fluctuations are closer to those over smooth walls. This suggests that, in a large part, the effect of the canopy can be reduced to the modification of the local scaling, rather than to the direct interaction of the canopy elements with the turbulence. Based on this, a model is proposed that consists of a drag that acts on the mean flow alone, aiming to produce the correct scaling without modifying the fluctuations directly. This model is shown to estimate the fluctuations within the canopy better than the conventional, homogeneous-drag model. Nevertheless, homogenised methods are not able to reproduce the local effects of the canopy elements. In order to capture these, another model is proposed that applies the mean-only drag on a truncated representation of the canopy geometry.
Introduction
Canopies are ubiquitous in our environment, whether they be natural like forests or crops, or artificial like building clusters. The study of turbulent flows over canopies has wide-ranging applications like reducing crop loss (de Langre 2008) , energy harvesting (McGarry & Knight 2011) , and improving heat transfer (Fazu & Schwerdtfeger 1989) . On the basis of the geometry and spacing of the canopy elements, a canopy can be dense, sparse, or transitional (Nepf 2012; Wieringa 1993) . In the dense limit, the canopy elements are in close proximity to each other and turbulence does not penetrate within them. In the sparse limit, the spacing between canopy elements is large and the turbulent eddies can penetrate the full height of the canopy. The intermediate, transitional regime lies between these two limits. Nepf (2012) proposed an approximate classification of the canopy regime based on the roughness frontal density, λ f . Nepf (2012) observed that canopies are dense for λ f 0.1, sparse for λ f 0.1, and intermediate for λ f ≈ 0.1. However, in addition to the geometric parameter, λ f , the lengthscales of the turbulent eddies should also be considered when determining the regime of the canopy. In the present work, we study the flow within and above a sparse canopy, with particular emphasis on its scaling. The canopy has a roughness density λ f = 0.07, with element spacings large enough to have a Figure 1 . Schematic of the numerical domain with the canopy elements in wireframe.
Contours represent the instantaneous fluctuating streamwise velocity.
limited effect on the near-wall turbulent flow. We study the scaling of the flow within and above the canopy, and propose models that do not require resolving the canopy layout. Several numerical studies have modelled dense canopies using a homogeneous form drag (Bailey & Stoll 2016; Finnigan et al. 2009) , and Busse & Sandham (2012) have also proposed a similar model for roughness. Yan et al. (2017) , Bailey & Stoll (2013) and Yue et al. (2007) compared such models to resolving the canopy geometry. Although Bailey & Stoll (2013) studied spanwise-homogeneous canopies, and Yan et al. (2017) and Yue et al. (2007) heterogeneous ones, these studies showed that the homogeneousdrag approach tends to overdamp turbulent fluctuations within the canopies. Bailey & Stoll (2013) observed that, for large row spacing, the homogeneous model can underpredict the turbulent fluctuations by up to 50%. This was attributed to the lack of representation of the gaps between the canopy elements, where the fluctuations do not experience significant damping. In the present work, we propose a modification of the homogeneous drag model which only applies a drag force on the mean profile, and another that distributes the force into a reduced order representation of the canopy layout. Preliminary results from some of these simulations were presented in . The paper is organised as follows. §2 describes the numerical method and elaborates on the canopy geometry. The results for the resolved canopy and the scaling of turbulent fluctuations is discussed in §3. §4 discusses the results obtained from the models. Conclusions are presented in §5.
Numerical simulations
We conduct direct numerical simulations of an open channel with canopy elements protruding from the wall. The streamwise, wall-normal and spanwise coordinates are x, y, and z respectively, and the associated velocities u, v, and w. The simulation domain is 2πδ × δ × πδ, with the channel height δ = 1. The domain is periodic in the x and z directions. A schematic representation of the numerical domain is shown in figure 1 . No-slip and impermeability conditions are applied at the bottom boundary, and free slip and impermeability at the top. The flow is incompressible, with the density set to one. The numerical method used to solve the three dimensional Navier-Stokes equations is adapted from Fairhall & García-Mayoral (2018) . A Fourier spectral discretisation is used in the streamwise and spanwise directions. The wall-normal direction is discretised using second-order centred differences on a staggered grid. The wall-normal grid is stretched to give a resolution ∆y + min ≈ 0.2 at the wall, y = 0, and ∆y + max ≈ 2 at y = δ. The time advancement is through a three-step Runge-Kutta method with a fractional step, pressure correction implementation that enforces continuity (Le & Moin 1991) .
The individual canopy elements are represented using an 'immersed forcing' approach, similar to that used by Bailey & Stoll (2013) and Yue et al. (2007) . A large drag force is applied at the grid points within the canopy elements, to ensure that the velocity within is much smaller than in the surrounding points. The geometry of the canopy elements is therefore not resolved in detail, but their effect as an obstacle on the flow is represented effectively, as illustrated in figure 1. Case S is an open channel with a smooth wall. Case C has the canopy elements explicitly represented as explained above. The drag force applied is C dc u i |u i |, where C dc is a drag coefficient and u i is the instantaneous local velocity in each i direction. The head of the canopy elements has dimensions l This results in a roughness density of λ f ≈ 0.07. The spanwise spacing between the canopy elements is roughly two times the width of streaks near the wall, λ + z ≈ 100, which implies that the canopy should be sparse from the point of view of the near-wall turbulent fluctuations as well. In case H, the presence of the canopy is modelled through a force, C dh u i |u i |, applied homogeneously below the canopy tips. A second model, case H0, applies a forcing C dh U |U | in the region below the tips of the canopy, where U (y) is the mean velocity profile. The drag is only applied in the streamwise direction and is only a function of y. A variant of the above model, case H0F, prescribes the mean velocity profile from the resolved canopy simulation, and obtains the mean-only drag required to sustain this mean profile a posteriori. Finally, the model of case CF applies a drag C dh U |U |, like in case H0, but distributed in a reduced-order representation of the canopy elements. This consists of a 24-mode Fourier truncation of the canopy geometry. The resolved-canopy simulation of case C was run at a constant mass flow rate, with the viscosity adjusted to obtain a friction Reynolds number based on the total stress Re τ ≈ 500. The value of C dc was set such that further increasing it did not appreciably increase the drag experienced by the flow. The velocity within the canopy elements was then much smaller than in the surrounding points, and was essentially not reduced further by increasing the drag coefficient. An instantaneous realisation of the resulting streamwise velocity is shown in figure 1 . The subsequent simulations were run at the same mass flow rate and viscosity, with the streamwise drag coefficient, C dh , adjusted to obtain a similar mean drag force. The wall-normal distribution of the drag force used in the simulations is shown in figure 2(b) . The homogeneous drag model, case H, also required the prescription of the drag coefficients in the spanwise and wall-normal directions. They were estimated by rescaling the streamwise drag coefficient based on the relative change in the 'blockage ratio' (Luhar et al. 2008 ) of the canopy elements in the different directions, in the spirit of the method proposed by Luhar & Nepf (2013) . The blockage ratio in the streamwise direction is proportional to the frontal area of the canopy elements. In the wall-normal and spanwise directions this would be the topview and the side-view areas respectively. Although this is a coarse approximation of the wall-normal drag coefficient, Busse & Sandham (2012) have shown that the flow is relatively insensitive to moderate changes in the wall-normal drag. The parameters for each simulation are given in table 1.
Flow through resolved canopies
In this section we discuss the scaling of turbulent fluctuations for our sparse canopy, and compare them with those over a smooth wall. Over a smooth wall, the balance of stresses within the channel is obtained by averaging the momentum equations in the wall-parallel directions and time, followed by integration in y. This yields dP dx
where τ w is the wall shear stress, dP/dx is the mean streamwise pressure gradient, u v is the Reynolds stress, U is the mean streamwise velocity and Re is the Reynolds number based on the bulk velocity. Particularising (3.1) at y = δ, we obtain the expression for the wall shear stress and the friction velocity, u τ ,
In our case, the stress balance also includes the drag exerted by the canopy elements,
where D is the canopy drag averaged in x, z and time, and is zero for y > h. Equation (3.3) can be rewritten as (3.4) so that the total drag, τ w + h 0 D dy is on the left hand side as in (3.1). From this total drag, a 'global' friction velocity can be defined
This is the equivalent of the smooth-wall u τ of (3.2) for canopy flows. Equation (3.4), however, shows that in canopy flows, the total stress is made up of the viscous stress, the Reynolds stress and the canopy-drag stress. Their sum, the total stress, is linear in y as in smooth-wall flows. Above the canopy, the magnitude of viscous and Reynolds stresses is similar to that over smooth walls, but within the canopy the canopy drag dominates, as shown in figure 3(a) . Let us define the sum of the viscous and Reynolds stresses as the 'fluid' stress, τ f . Tuerke & Jiménez (2013) studied smooth-wall flows with artificially forced mean profiles, and observed that τ f provided the scale for turbulence locally. This was the case even though τ f was not linear with y, as in smooth channels, due to the artificial mean-flow forcing. They defined a 'local' friction velocity, u * , defined by linearly extrapolating the fluid stress at each height to the wall,
For a smooth, unforced channel, u * = u τ at every height. A local viscous lengthscale, ν/u * , can also be defined, and from it a height, y * = yu * /ν. Both u * and y * are portrayed in figure 3(c) across the whole range of y for reference. Above the canopy tips, y > h, u * becomes equal to the global u τ , and y * becomes y + . In order to compare the local and global scalings, the terms in the stress balance within the channel scaled with u τ and u * are portrayed in figures 3(a) and (b). Figure 3 (b) shows that even within the canopy, the ratio of viscous to Reynolds stress in τ f remains close to that over smooth walls. The above result suggests that the effect of the canopy on the flow may be, to a large extent, a change in the local scale of turbulence, rather than a fundamental alteration of its dynamics. To further explore this, we compare the rms fluctuations scaled with both u τ and u * in figure 4 . Scaling the fluctuations with u τ produces results qualitatively similar to those reported in Bailey & Stoll (2013) and Yue et al. (2007) , and shows a reduction of the fluctuations within the canopy compared to a smooth wall. Scaled with u * , in contrast, the streamwise fluctuations are similar to those in a smooth channel. The spanwise and wall-normal fluctuations, however, show a significant increase in magnitude within the canopy compared to a smooth wall flow, indicating a relative increase in the intensity of the crossflow.
In order to examine whether the distribution of energy across different lengthscales is similar within a canopy and over a smooth wall, we compare their spectral energy densities close to the wall in figure 5 . In global units, the energy is observed to be in larger scales when compared to a smooth channel, especially in the spanwise wavelengths. In local scaling, however, the energetic wavelengths are more similar, with a greater overlap of the regions with highest intensity, particularly for E uu and E uv . In addition, the canopy case exhibits a concentration of energy at the canopy harmonics -note that the canopy spacing at y * ≈ 15 is reduced to L * x = L * z ≈ 100. Compared to a smooth wall, the presence of the canopy results in more energy in smaller scales and less energy in large streamwise scales when local scaling is used. The differences in the energy distribution observed within the canopy eventually disappear above it. To illustrate this, figure 6 portrays the spectra within the canopy at y * ≈ 15, as in figure 5 , just above the canopy tips at y * ≈ 105, and at y * ≈ 250. Near the tips, the canopy harmonics are weak and the smaller scales in the flow are smooth-wall-like. There is, however, a deficit of energy in large streamwise wavelengths compared to a smooth wall. This effect diminishes with height and the spectra are smooth-wall-like at y * ≈ 250, as shown in figures 6(i-l ), delimiting the roughness sublayer. At y * = 15, the scaling of the spectra with u * shows that the additional energy in v and w is mostly distributed along shorter streamwise wavelengths and across a wider range of spanwise wavelengths.
Previous studies have noted the formation of Kelvin-Helmholtz-like rollers near the canopy tips (Bailey & Stoll 2016; Finnigan 2000) . When present, these instabilities leave a distinct footprint in E vv and E uv , causing an increase in energy in a narrow range of streamwise wavelengths and for large spanwise wavelengths (Gómez-de Segura et al. 2018; García-Mayoral & Jiménez 2011) . Such a footprint is not observed in the current study. This suggests that if the instability is present over the sparse canopy, it is weak compared to the surrounding turbulent fluctuations, and is therefore masked by them.
Modelling of sparse canopies
The discussion in § 3 suggests that the canopy elements mainly affect the flow indirectly through the change in the local scale, rather than through a direct interaction. If this is the case, it would be reasonable to propose a model where the effect of the canopy is on the mean flow alone. The mean flow would, in turn, set the scale for the fluctuations. To this end, in this section we compare a conventional, homogeneous-drag model with a mean-only-drag model. In the latter case, we also discuss the results obtained from fixing the mean velocity profile and obtaining the drag force a posteriori. In addition, we also explore a model where the mean-only drag is distributed in a low-order representation of the canopy layout. When modelling the canopy through a homogeneous drag, as in case H, the rms fluctuations within the canopy are under-predicted in both global and local scaling, as shown in figure 4 and previously reported in the literature (Yan et al. 2017; Bailey & Stoll 2013; Yue et al. 2007) . This is likely due to an excessive drag being directly applied on the fluctuations. Their spectral energy densities, portrayed in figure 7 , show that the model reproduces the energy in the larger scales well. This is consistent with the fact that these scales are significantly larger than the canopy spacing, and therefore, perceive the canopy in a homogenised fashion (Zampogna & Bottaro 2016) . However, the model causes a reduction of energy in smaller scales, and obviously can not reproduce the regions of concentrated energy at the canopy wavelengths and its harmonics. This ultimately results in the under-prediction of the rms fluctuations mentioned above. The scale-indiscriminate damping of the fluctuations by the homogeneous drag results in the overdamping of smaller scales in the flow. This should be mitigated by the meanonly drag model, case H0, which only applies a mean streamwise drag and does not directly damp the fluctuations. Compared to a homogeneous drag, this model produces rms fluctuations closer to those of the actual canopy, as shown in figure 4 . In global scaling, the streamwise fluctuations within the canopy are smaller than those of the resolved canopy, but in local scaling, u * and v * show good agreement with the resolved canopy. The peak in w * is slightly higher, likely due to the lack of spanwise drag. The similarity in the fluctuations for the mean-only-drag model and the resolved canopy supports the idea that the sparse canopy, in large part, acts on the fluctuations through changing their scale. A comparison of the spectra, however, reveals that, despite this similarity, there are differences in the distribution of energy across different scales. Figures 7(a-d ) show that, although the mean-only-drag model recovers the smaller scales to some extent, it can not capture the concentration of energy in the canopy harmonics, nor the reduction in energy in the large scales observed for the resolved canopy, as both are due to the direct interaction of the canopy elements with the flow.
The differences observed in global scaling in the fluctuations are a possible result of the mean-only drag not producing the correct mean shear. The latter is set by the mean velocity profile, which, in turn, depends on the Reynolds stress. The sum of the stresses,
D dy, is prescribed to be linear in a channel. The latter two terms are functions of the mean velocity profile, U (y). Therefore, any deviation in the Reynolds stress translates into a deviation in the mean velocity profile, and vice versa. The U (y) profiles obtained from the simulations are portrayed in figure 2(a) . To remove the effect of the disparity in U (y) from the analysis, we conduct another simulation, case H0F, for which we fix the mean velocity profile to that of the resolved-canopy simulation, and obtain the drag force required to sustain this U (y) a posteriori. The resulting drag force is shown in figure 2(b) , together with the actual drag force for the resolved canopy and those from the other models. Within the canopy, the forcing required to make up for the deficit in Reynolds stress is roughly double that of the resolved canopy. Furthermore, the force is also nonzero outside the canopy. The excess forcing just above the canopy is possibly due to the Reynolds stresses generated by the canopy in the roughness sublayer. The forcing in the channel core, however, can be interpreted as an additional mean pressure gradient which, in the prescribed-U (y) simulation, is combined with the drag force. We therefore obtain the actual mean pressure gradient by minimising the forcing in the channel centre. Note that, although the relative increase in drag due to the redistribution of the forcing is small, its effect on u τ is not. The new mean pressure gradient corresponds to Re τ ≈ 650, which is higher than the one for the simulation from which the mean velocity was prescribed, Re τ ≈ 505. It is found, however, that the corresponding u τ sets the scaling that recovers outer-layer similarity, as shown in the left panels of figure 4. In this framework, the results are similar to those from the mean-onlydrag model. In local scaling, however, we observe that the intensity of the fluctuations is significantly higher than for any of the other models, probably as a result of the balance between drag stress and τ f being very different for this case.
The above results suggest that the mean-flow-drag models are not able to generate part of the Reynolds stress in the flow, which in case H0 is compensated for by the change in U (y), and in case H0F by the drag force. It is then reasonable to conclude that the missing Reynolds stress is related to the presence of discrete canopy elements. If this is the case, some representation of the canopy geometry would be required to obtain a better approximation. Nevertheless, mean-flow models produce a more accurate representation of the flow within sparse canopies than homogeneous-drag models, which suggests that they are a more accurate representation of the effect of the canopy on the flow dynamics.
To introduce information on the canopy layout in the model, in case CF we distribute the drag, calculated from the mean flow as in case H0, into a reduced-order representation of the canopy elements. The representation consists of a truncation in Fourier space in x and z of the actual layout. In addition to capturing the most energetic scales in the flow, this model is also able to represent the concentration of energy in the canopy scales, as observed in figures 7(a-d ). The drag force, although only applied in the streamwise direction, is also able to reproduce the canopy harmonics in the spectra of v and w, reflecting the deflection of the streamwise flow around the canopy elements through continuity. The large scales in the flow are similar to those in the mean-only-drag model. The streamwise fluctuations are similar to those from the resolved canopy, both in local and global scaling, suggesting that the difference observed in the mean-only-drag model is a result of the lack of representation of the canopy elements. The difference in the Reynolds stress, though smaller than in the mean-only-drag model, still reflects in the mean velocity profile. This likely stems from the insufficient damping on scales larger than the canopy spacing, which the model does not directly act on.
Conclusions
In the present work, we have studied the turbulent flow within and above a sparse canopy. It is shown that the flow within scales with the friction velocity based on the local fluid stress, τ f , at each height, rather than the one based on the total stress. This suggests that the sparse canopy acts on the turbulent fluctuations within through a change in scale, rather than through a direct effect of the canopy elements. Based on this, a model that only applies drag on the mean flow is proposed. The model confirms that the canopy mainly acts on the flow through changing τ f . It also mitigates the excessive damping of the rms fluctuations of conventional, homogeneous-drag models, providing a better representation of the flow within the canopy. The model, however, overpredicts the energy in scales much larger than the canopy spacing, as it does not impose a drag on them like the canopy would. It also underpredicts the energy at the canopy wavelengths which is induced by the presence of the individual canopy elements. To mitigate the latter effect, an extension is proposed that distributes the drag into a reduced-order representation of the canopy elements. Although this model does not fully capture the deficit of Reynolds stress, it is able to reproduce the effect of the canopy on the smaller scales in the flow missed by the mean-only-drag model.
